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In this paper two theoretical methodologies, the Schwinger multichannel (SMC) method and the independent
atom model with the screening corrected additivity rule (IAM-SCAR), were employed to study positron
scattering by benzene over a broad impact energy range. The SMC calculations were carried out in the static plus
polarization approximation, accounting for the elastic channel, for impact energies up to 20 eV. The IAM-SCAR
method covered energies up to 1000 eV to provide total, elastic, ionization, excitation, and positronium formation
cross sections. In the low-energy region we discuss how the description of the polarization effects affects the
cross sections. In particular, our calculations support the existence of a bound state in the positron scattering by
benzene, in agreement with previous predictions by Young and Surko [Phys. Rev. A 77, 052704 (2008)].
DOI: 10.1103/PhysRevA.100.042705

I. INTRODUCTION

Positron scattering by molecules has attracted considerable
attention due to the application of positron physics in different
areas, such as medicine, astrophysics, and technology. Due to
the basic nature of positron interactions with matter, positronscattering studies have become one of the cornerstones that
have lead to the understanding of the underlying physics
of these applications [1–3]. However, due to some intrinsic
difficulties related to the positron physics, the description of
the positron-molecule interactions is not an easy task. Even
with the advent of better computers and new methodologies,
the calculated cross sections still present discrepancies when
compared to the experiments. In the low-energy region the
difficulties in dealing with this collision problem are mainly
related to the angular resolution of the experimental apparatus
and to limitation in the description of the positron-molecule
interactions by the theoretical methods (e.g., polarization effects and the positronium formation channel).
Benzene is the simplest aromatic hydrocarbon and is a
highly symmetric molecule. Although this molecule has received considerable attention in electron-scattering studies,
the same cannot be said about positron-scattering studies.
Regarding the available data for positron-benzene scattering,
we highlight the pioneering study of Sueoka [4], from 1988,
which reported total cross sections (TCS) for positron and
electron scattering by benzene, with impact energies up to
400 eV. In particular, the author reported the dependence of
the TCS with the strength of the magnetic field and thus,
the TCS were tabulated by considering measurements with
different values of the magnetic field adopted for different energy intervals [4]. The author observed that the TCS
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presented a sharp increase for energies below 2.5 eV (where
the author adopted the value of 3.6 G for the magnetic field).
It is also worth mentioning that the reported TCS for positron
collisions were not corrected for forward angle scattering
effects. Makochekanwa et al. [5] measured TCS for electron
and positron scattering by benzene and hexafluorobenzene.
The reported TCS for positron scattering by benzene have
not displayed the sharp increase at low energies observed by
Sueoka [4]. The authors corrected the TCS for the forwardscattering effects but used the differential cross sections
(DCS) from electron-benzene collision, since there were no
available DCS for positron-benzene collision. Kimura et al.
[6] compared the TCS for electron and positron scattering by
benzene, focusing on the behavior of the TCS at low energy.
The authors discussed the different behaviors of the TCS
depending on the incident particle: for electrons the authors
observed a sharp increase, which was explained in terms of
a virtual state, and for positrons the authors observed a drop
in the TCS. These two distinct behaviors were attributed to
the balance between the attractive and repulsive interactions
in electron and positron molecule collision. Zecca et al. also
reported total cross sections for positron scattering by benzene, cyclohexane, and aniline in the energy range from 0.2
to 20 eV [7]. The authors have compared their measured TCS
with the results of Sueoka [4] and of Makochekanwa et al.
[5] and observed a good agreement with the results of Sueoka
[4]. The TCS of Zecca et al. [7] were also not corrected for
forward angle scattering effects.
On the other hand, theoretical results for positron-benzene
scattering are somewhat scarce, with only two studies
reported in the literature. Continuum multiple scattering
was employed by Kimura et al. [6] to compute TCS for
positron scattering by benzene. The results agree with the
experimental TCS measured by the same authors, but disagree
with the TCS measured by Sueoka [4] and by Zecca et al. [7].
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Occhigrossi and Gianturco [8] employed a single-center
expansion technique along with a phenomenological
(parameter-free) expression to the correlation-polarization
potential to compute elastic integral cross sections for a
series of hydrocarbons, including benzene. In particular, the
calculated integral cross section of Occhigrossi and Gianturco
agrees qualitatively well with the TCS of Sueoka [4] and of
Zecca et al. [7]. As pointed out by Brunger et al. in their recent
review on recommended positron-scattering cross sections
for positron-molecule collisions [9], due to the importance of
benzene in organic chemistry, there is no doubt on the necessity of further studies on positron scattering by this molecule.
Recently our group has lead some efforts in the study of
positron scattering by molecules. Besides working with the
biologically relevant molecules pyrimidine [10] and tetrahydrofuran [11], we have also carried out systematic studies in
order to investigate the description of the polarization effects
for the small nonpolar molecules allene [12] and silane [13].
In particular, only recently, in the calculations for the allene
molecule, an ab initio scattering method was able to support
a bound state in the positron-molecule scattering [12]. It is
worth mentioning that the presence of a virtual or a bound
state in the scattering cross section is key for the description
of positron annihilation [14] in a molecular environment.
In this paper, a theoretical study on positron scattering by
benzene for impact energies up to 1000 eV is presented. The
ab initio Schwinger multichannel (SMC) method [15,16] was
employed to calculate elastic integral and differential cross
sections for impact energies up to 20 eV, whereas the independent atom model with the screening corrected additivity
rule, including interference (IAM-SCAR+I) effects, was employed to calculate differential, elastic, ionization, excitation,
positronium formation, and total cross sections for impact
energies up to 1000 eV. The low-energy behavior of the cross
section is discussed in reference to two calculations carried
out with the SMC method, which differ by the description
of the polarization effects. We compare our results with the
available data from the literature [4,5,7] and we also propose
a correction for the experimental results of Zecca et al. [7].
The remainder of this paper is as follows. Both theoretical
methods and computational procedures of the calculation are
summarized in Sec. II. The results are presented and discussed
in Sec. III, and we close the paper in Sec. IV with a brief
summary of the present results.

II. THEORY AND COMPUTATIONAL DETAILS
A. Schwinger multichannel method

The elastic cross sections presented here were calculated
with the Schwinger multichannel method as implemented
for positron-molecule scattering. Since the method has been
described in detail in several publications [15,16], here we
will only discuss those aspects of the SMC method that are
relevant to the present calculations.
All calculations were carried out in the optimized geometry
of benzene (shown in Fig. 1), obtained previously in our
work on electron scattering by the same molecule [18]. The
DZV++(2d, 1p) basis set as implemented in the package
GAMESS [19] was used in the bound-state and scattering

FIG. 1. Geometrical structure of benzene (generated with
MACMOLPLT) [17].

calculations. Finally, although benzene belongs to the D6h
symmetry group, our scattering calculations were carried out
in the D2h symmetry group, since the SMC code only deals
with Abelian symmetry groups. It should be noted that if the
same polarization criterion is employed (the same number of
hole, particle, and scattering orbitals) the ICS and the DCS are
not affected by the symmetry group used in the calculations.
In addition, most of the positron-molecule physics in the
low-energy region is discussed in view of the s-wave cross
section, which belongs to the totally irreducible representation
regardless of which symmetry group is employed in the
calculations.
Our SMC calculations were carried out in the static plus
polarization (SP) approximation, where the direct space is
composed by configuration state functions (CSFs) of the form
|χ j  = |1  ⊗ |ϕ j  ⊕ |i  ⊗ |ϕ j ,

(1)

where |1  represents the ground state of the molecule obtained at the Hartree-Fock level and |ϕ j  is a single-particle
orbital used to expand the positron scattering orbital (see
below) and |i  is obtained from virtual single excitations
of the target from the hole (occupied) orbitals to a set of
particle (unoccupied) orbitals. In the present calculations we
considered the 15 outermost occupied orbitals as hole orbitals
whereas the particle orbitals were represented by a set of
modified virtual orbitals (MVOs) [20], obtained through the
diagonalization of the Fock operator with charge +8. These
MVOs, along with the 21 occupied orbitals, were used as scattering orbitals. We carried out two calculations labeled as SP-1
and SP-2 that differ on the number of MVOs employed. In the
SP-1 calculations the first 50 MVOs were employed, whereas
in the SP-2 calculations the first 75 MVOs were employed,
for a total of 53 424 CSFs and 108 174 CSFs, respectively. In
Table I we summarize the number of CSFs employed in each
irreducible representation of the D2h symmetry group.
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TABLE I. Details of the calculations carried out employing
the SMC method: number of configuration state functions in each
irreducible representation (IR) of the D2h symmetry group.
IR

SP-1 (15h50p71s)

SP-2 (15h75p96s)

Ag
Au
B1g
B1u
B2g
B2u
B3g
B3u

7227
6134
7061
6287
6175
7186
6250
7104

15425
11628
15203
11830
11657
15391
11805
15235

sition in threshold energy from low to high impact energy as
proposed in Ref. [23]:
( −  p )
(E ) =  − 
E
2  .
1 + 3I
−1

(3)

Once we have calculated the atomic scattering amplitudes,
the IAM-SCAR procedure [27] gives the molecular scattering
amplitudes, F (θ ), from those of the constituent atoms, fi (θ ),
according to the expression

F (θ ) =
fi (θ )eiq. ri ,
(4)
atoms

B. Independent atom model with screening
corrected additivity rule

The screening corrected additivity rule, within the framework of the independent atom model (IAM-SCAR), as used
in this paper has been described in previous publications
[21,22]. It has been successfully applied in preceding studies
for several biologically relevant molecules (see Ref. [23] and
references therein), typically in the range of 0.1- to 10 000-eV
incident energy.
IAM-SCAR basically relies on the optical potential method
[24], initially applied to the constituent atoms of the molecule,
i.e., C and H. The atomic scattering potential is then represented by
V (r) = Vs (r) + Vp (r) − iVa (r).

PHYSICAL REVIEW A 100, 042705 (2019)

(2)

The real part of Eq. (2) drives the elastic-scattering dynamics
and includes the electrostatic [Vs (r)] and polarization [Vp (r)]
interactions. The imaginary part [Va (r)] describes all inelastic
processes that are considered as absorptions from the incident
positron beam. Owing to this last term in Eq. (2), the optical
model potential method yields a complex phase shift δl =
λl + iμl . This allows for the calculation of the atomic scattering amplitudes, from which the corresponding differential and
integral elastic cross sections as well as the integral inelastic
and therefore the total cross sections are derived.
The static potential was obtained from the charge density
derived from Hartree-Fock atomic wave functions, using a
procedure analogous to that of Reid and Wadehra [25]. The
dipole plus quadrupole polarization potential was developed
from that reported by McEachran et al. [26] for Ne, but
scaled by constants in order to match the known dipole and
quadrupole polarizabilities of the C and H atoms (see Ref. [21]
for details). The absorption potential accounts for the electronic excitations, positronium formation, and direct ionization. However, owing to the challenging nature of representing
the Ps formation channel, the definition of the threshold
energy for the absorption potential can be critical. Our recent
improvements to the treatment of Ps formation were outlined
in detail previously [22,23]. In brief we maintain the energy
dependent threshold (E ) defined in Ref. [21], by necessity
coinciding with the well-known Ps formation threshold of
 p = I − 6.8 eV (where I = ionization threshold), for lower
energies and the lowest optically allowed excitation transition
 for higher impact energies but applying the smooth tran-

where the momentum transfer is q = k f − ki and the atomic
positions are given by ri . In this calculation we incorporate
the recent improvement of considering interference effects
[28]. This updated version is known as IAM-SCAR+I and
basically provides the molecular differential cross section
elastic
(dσmolecule
/dω) as a combination of the multicenter atomic
amplitudes given by
elastic

dσmolecule
sin qri j
=
fi (θ ) f j∗ (θ )
d
qri j
ij

=



| fi (θ )|2 +



fi (θ ) f j∗ (θ )

i= j

i

sin qri j
.
qri j

(5)

Here the interference term is the second summation in Eq. (5).
In this case q ≡ |q|
 = 2k sin( θ2 ) is the momentum transfer and
ri j is the distance between atoms i and j.
By integrating Eq. (5), the corresponding molecular integral cross sections are represented by

total
total
σmolecule
=
si σatom
+ σ interference .
(6)
i
atoms

The factor si is a screening correction, reducing the contribution of each atom to the total molecular cross section
(0  si  1) based on the position of the atom within the
molecule. This accounts for the fact that, as the energy of
the incoming particle decreases, the atomic cross sections
overlap, requiring a reduction of their relative contribution
to the summation [29]. The remaining term in Eq. (6) is
determined from


sin qri j
σinterference ≡ d
fi (θ ) f j∗ (θ )
.
(7)
qri j
i= j
Including interference terms in the calculation of both
integral and differential cross sections for molecular targets
eliminates the inconsistency between the differential and integral cross-section values, which is inherent to the IAM-SCAR
method [29]. This means that no additional normalization
procedure is required by the IAM-SCAR+I approach in order
to fulfill the optical theorem [29].
III. RESULTS

In Fig. 2 we present the calculated cross sections for
positron scattering by benzene employing the SMC method
for energies up to 20 eV and the IAM-SCAR+I method for
energies up to 1000 eV and compare with available results
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FIG. 2. Present positron-benzene calculated cross sections (SMC and IAM-SCAR results) obtained over a broad energy range, compared
with available data from literature. The vertical dotted line indicates the positronium formation threshold, which was estimated at 2.3 eV. In
the inset, the same data are presented but in a reduced energy scale.

from the literature. The elastic cross sections obtained with
the SMC method were calculated in the static plus polarization approximation employing different numbers of MVOs
as particle and scattering orbitals and, consequently, different
number of configurations. These calculations are labeled as
SP-1 and SP-2, where the SP-1 calculations employed 53 424
configurations and the SP-2 included 108 174 configurations.
For purpose of comparison, the experimental total cross sections reported by Makochekanwa [5], Sueoka [4], and Zecca
et al. [7] and the theoretical results of Occhigrossi and Gianturco [8] are also shown in this figure. In the inset of Fig. 2,
the same results are presented but in a reduced energy scale.
Also presented in this figure is the proposed correction for the
experimental data of Zecca et al. [7], which will be further
discussed in the next paragraphs.
From Fig. 2 it is seen that the improvement in the description of the polarization effects in the SMC calculations,
from SP-1 to SP-2, increases the cross sections, especially in
the low-energy region. When comparing the elastic cross sections obtained with both methods, the IAM-SCAR+I and the
SMC-SP 2, there is an overall good agreement, particularly
for energies lower than 1 eV. This indicates the appropriate
description of the polarization effects, which are dominant at
these low energies, given by both calculation methods. As
the impact energy increases, the calculated IAM-SCAR+I
elastic cross sections increase whereas the SMC calculated
cross sections decrease. Also presented in this figure are our
calculated cross sections for the positronium (Ps) formation,
electronic excitation, and ionization, obtained with the IAMSCAR+I method. Since molecular features are not considered
by the IAM-SCAR+I procedure we do not expect to be
reliable in the range 1–10 eV where most of the inelastic

channels are opening. To the best of our knowledge, despite
the importance of these channels at higher impact energies,
there are no experimental or theoretical results for the positronium formation, electronic excitation, and ionization channels
available in the literature. When comparing the calculated
elastic cross sections with the experimental TCS, one can
observe a fair agreement between all theories and the experimental data from Sueoka [4] and from Zecca et al. [7]. This
agreement is seen regarding the fact that, at lower energies,
the experimental cross section suffers with the apparatus’s angular resolution being, usually, underestimated [9]. The poor
angular resolution of the apparatus used by Makochekanwa
et al. [5] is the reason for the dramatic decrease of the TCS as
the impact energies decrease.
The angular resolution of the apparatus is related with
experimental difficulty to properly discriminate the scattered
positrons in the forward region. Positrons scattered at angles
lower than a specific angle θm are considered as nonscattered positrons and, consequently, the experimental TCS are
underestimated of their true value [9]. This issue has been
very well described previously by Karwasz et al. [30] for
the benzene molecule. Following a similar procedure we
estimated a correction for the TCS σcorr given by

σcorr = 2π
0

θm



dσ
d

(θ ) sin θ dθ ,

where dσ /d is the differential cross sections obtained with
the SMC method. The above equation includes only the
forward angle region in the integration. Thereby, with the
aim of estimating the influence of the low angle region in
the total cross sections and to propose a correction to the
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FIG. 3. Symmetry decomposition, according to the D2h symmetry group, of the calculated ICS obtained with the SMC method. See
text for discussion.

experimental data of Zecca et al. [7], we employed our
calculated SMC-SP 2 DCSs and the available resolution of
the experimental apparatus [9] (θs ) to calculate σcorr , which
was added to the experimental data at selected energies. These
results are shown in Fig. 2 and are labeled as Zecca+corr.
The symmetry decomposition of the SMC calculated cross
sections, according to the D2h symmetry group, for impact
energies up to 5 eV, is presented in Fig. 3. From this figure
it is seen that the low-energy behavior of the ICS, which
dramatically increases, is predominantly due to the totally
symmetric irreducible representation Ag. This will be further
discussed in the next paragraph with the aid of the s-wave
cross section and eigenphase. Additionally, in Fig. 3 the
improvement in the cross sections is also remarkable, as the
polarization effects are better described not only in the Ag but
also in the other irreducible representations.
In Fig. 4 we present the s-wave cross section and the
respective eigenphase for both calculations, SP-1 and SP-2,
carried out with the SMC method. Here two features seen in
the cross section and in the eigenphase must be addressed: the
minimum in the cross section, where the corresponding eigenphase crosses zero, and the low-energy behavior of the cross
section, which increases as the impact energy goes toward
zero, also corresponding to an increase in the corresponding
eigenphase. The first feature is explained by the net potential
felt by the incoming positron, which is the combination of
the attractive polarization potential and the repulsive static
potential. The energy where the s-wave eigenphase crosses
zero and changes sign (from negative to positive as the energy
increases) corresponds to the change in the net potential (from
attractive to repulsive) felt by the incoming positron.
The second feature is the dramatic increase in the s-wave
cross section, as seen in Fig. 4, which can be explained in

0.5

1
2
1.5
positron energy (eV)

2.5

FIG. 4. SMC calculated s-wave cross section (upper panel) and
eigenphase (lower panel). The inset in the lower panel also presents
the s-wave eigenphase but employing a more suitable log scale at the
impact energy axis.

terms of a virtual or a bound state, and, from the analysis
of the s-wave eigenphase, it is possible to determine which
one takes place. Ideally, if a virtual state takes place, the
s-wave eigenphase goes to π /2 as the impact energy goes
towards zero, while in the case of a bound state the s-wave
eigenphase goes towards π [31]. In real systems when a
virtual state takes place, the s-wave eigenphase goes towards
π /2 and then dramatically fall down to zero. This is the
behavior presented by the SP-1 eigenphase, indicating that
this calculation supports a virtual state in the positron-benzene
scattering. As for the SP-2 calculation, one can see that the
s-wave eigenphase increases, going towards π , which means
that the potential supports a bound state. The scattering length
(SL) also provides an indication of the presence of a virtual or
a bound state. The SL can be calculated as
SL = − lim

k→0

1
tan δ0 (k),
k

(8)

where the δ0 is the s-wave eigenphase and k is the momentum
of the incoming projectile [31]. Usually, the presence of a
virtual state corresponds to a negative value of SL, while
if the potential supports a bound state the SL is positive.
Employing our calculated s-wave eigenphase to estimate the
SL we obtained SL = +42.8 a0 for the SP-2 calculation,
corroborating the presence of a bound state. This result is
in agreement with previous experimental data that predicts a
bound state in the positron-benzene interactions [32].
In Fig. 5 our calculated differential cross sections are
presented at energies up to 20 eV, obtained with both methods
and at higher energies obtained only with the IAM-SCAR+I
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FIG. 5. Comparison of the present calculated differential cross section for positron scattering by benzene, obtained with SMC and
IAM-SCAR methods. See text for discussion.

method. Regarding the comparison of both SMC calculations, in Fig. 5, we found that as the polarization effects are
better described (from SP-1 to SP-2 calculation) the forward
angle region is improved. This strengthens the necessity of
new theoretical studies that aim to discuss and improve the
description of the polarization effects in positron-scattering
calculations.
Apart from the low-energy positron scattering features an
additional interest of the present calculation is to provide
positron scattering cross sections for high incident energies
up to 1000 eV. Modelers customarily use electron scattering
cross sections instead of those for positrons (generally more

scarce) by assuming they are coincident for high energies.
The present paper gives the opportunity of using both integral
and differential positron scattering cross sections for modeling
positron transport up to 1000 eV. In particular, it should be
noted that the DCSs shown in Fig. 6, for impact energies from
50 to 1000 eV, provide by simple integration the momentum
transfer cross sections
 π
(1 − cos θ ) (dσ /d )(θ ) sin θ dθ
σMT = 2π
0

which are relevant data for transport equations.
IV. SUMMARY

1000
50 eV
100 eV
150 eV
200 eV
300 eV
400 eV
500 eV
700 eV
1000 eV

10

-16

2

DCS (10 cm /sr)

100

1
0.1
0.01
0.001
0.0001
0

30

90
60
120 150
scattering angle (degrees)

180

FIG. 6. Present positron-benzene calculated differential cross
section at higher energies, obtained with the IAM-SCAR method.

Here an extensive work on theoretical description of
positron scattering by benzene molecules was presented.
Employing two different methodologies, the SMC and the
IAM-SCAR methods, we were able to provide elastic integral,
elastic differential, total, positronium formation, ionization,
and excitation cross sections calculated for positron impact
energies over a broad range (from 0.001 to 1000 eV). We
compared our calculated integral elastic and total cross
sections with available experimental TCSs from the literature
and found, in general, a fair agreement. We also presented
ionization, positronium formation, and excitation cross sections, calculated with the IAM-SCAR method, and to the best
of our knowledge no other theoretical or experimental results
for these channels are available in the literature, indicating
the urgency for new studies on positron-benzene interactions.
With the SMC method we discussed the description of the
polarization effects by performing two different calculations,
which employed different configuration state function spaces.
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In particular, it is remarkable that as the polarization effects
description is improved our scattering calculations are able to
predict the existence of a bound state in the positron-benzene
interactions. This issue was supported by analysis of the
s-wave cross sections and eigenphase.
Finally, we also presented differential cross sections for
impact energies from 1 to 20 eV obtained with both methods
and for impact energies up to 1000 eV obtained by the IAMSCAR+I method. The DCSs obtained with the SMC method
were employed to estimate a correction for the experimental
TCSs of Zecca et al. [7] due to the forward angular resolution
effects.
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